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ABSTRACT
The reduction of gas flow compressibility, universally within and beyond the extended magnetohy-
drodynamics, can be argued statistically and further associated to the Taylor-Proudman theorem and
its analogues rooted in the geometry and topology of the dynamics, through a kind of chiral base
flow/field (CBF) related to (multi-)field ‘gauge similarity’. “A (dilute) gas” of CBFs appears a rea-
sonable scenario to describe the remarkable helicity effects on, say, the energy partition and particle
heating. The fluctuating electric field energy is also possible to be depressed by the helicities, as seen
in the relevant statistical results of the two-fluid plasma model. Various theoretical and astrophysical
implications, cosmic ray acceleration in particular, are expected.
Keywords: turbulence — astrophysical plasma: interplanetary and interstellar plasma — density
1. INTRODUCTION
A recent test particle analysis with the incompressible
magnetohydrodynamic (MHD) data (Teaca et al. 2014)
found reduced acceleration rate of charged particles for
the imblanced turbulence (with cross helicity), agree-
ing with and generalizing part of the earlier quasiliear
analyses (Dung & Schlickeiser 1990) respecting both the
cross and magnetic helicities in the Fokker-Planck phe-
nomenology of cosmic rays transport and acceleration
(Schlickeiser 2002), while disagreeing with the conjec-
ture of Chandran et al. (2009) and adding the sensitiv-
ity of momentum diffusion on the cross helicity to ear-
lier result of spacial diffusion (Beresnyak, Yan & Lazar-
ian 2011). It is curious what are the very nonlinear
mechanisms (as is concerned in multidisciplinary helical
turbulence: Pouquet et al. 2018; Alexakis & Biferale
2018) and what are the roles of the smaller-scale (sub-
ion) plasma dynamics within and beyond the extended
magnetohydrodynamics (XMHD: Miloshevich, Lingam
& Morrison 2017; Miloshevich, Morrison & Tassi 2018),
and, whether flow compressibility related to the momen-
tum convection (Schlickeiser 2002) can enter to change
the scenario. In this note, we start from fundamental
ideal conservation laws (Markakis et al. 2017, and refer-
ences therein) and basic dynamics to offer understand-
ings and even answers closely related to such questions,
among other astrophysical implications, though the fo-
cus is not on the direct application in modeling the cos-
mic ray transport, neither the cosmic ray physics itself
(Gaisser, Engel & Resconi 2016) and its back reaction
onto the plasma.
The prediction of inverse magnetic helicity cascade
was made from the incompressible MHD absolute equi-
librium analysis (Frisch et al. 1975), key to modern non-
linear dynamo theory, but in that series of studies and
most others, robustness with respect to the compress-
ibility effect has not been considered. Indeed, while
most studies of (cross) helicity relevant to plasma tur-
bulence are on transport and dynamo (e.g., recently,
Pipin & Yokoi 2018) issues, little attention has been paid
to the direct consequence on the compressibility prop-
erty, to our best knowledge. Such a theoretical prob-
lem, sounding somewhat academic though,1 should be
examined and repaired together as a whole with some
unity in the treatment. It has been indicated (Zhu
2016) that helicity may reduce the compressibility2 of
the neutral-gas turbulence (‘fasten the flow’), and the
preliminary numerical analysis (Yang et al. 2019) ap-
pears to be consistent with the prediction even reason-
ably beyond the postulated conditions for analytical cal-
culations in Zhu (2016). [Though not the fucus here,
1 Numerical simulation of Brandenburg (2001) was indeed per-
formed with a compressible code, thus in a sense confirmed the
robustness but with no consideration of the compressibility ef-
fect; similarly is the stability analysis (Waleffe 1992; Linkmann
et al. 2016), deserving further clarification in compressible flows
(in preparation, together with other issues), since the longitudinal
and transverse modes are dynamically interacting.
2 This is different to the compressibility, defined by ∂ρ/∂p (= c2,
fixed in the model analyzed below) defined by the state equation,
the latter of a gas is not indicated to be directly changed when we
say “compressibility reduction” in this note: We mean, even if the
state equation is fixed, the strength of the fluctuations of velocity
divergence and of density is (relatively) reduced.
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quantum flows are also of astrophysical relevance, for
the neutron stars (Graber, Andersson & Hogg 2017),
say; and, we infer (Appendix A) that the numerical data
of the Gross-Pitaevskii equation (GPE) modeling the
low-temperature superfluid or Bose-Einstein condensate
(BEC) by Clark di Leoni, Mininni & Brachet (2016) al-
ready added quantum turbulence to the universality of
the ‘fastening’ notion.] Such statistical mechanics analy-
ses (Kraichnan 1973; Frisch et al. 1975; Zhu 2016; Milo-
shevich, Lingam & Morrison 2017) however have not
been associated with geometry and topology pictured
by the knots/links (Moffatt & Tsinober 1992; Arnold
& Khesin 1998)3 and screwing streams (Betchov 1961),
which is the bigger point we also try to repair, towards
a theory of statistical topological fluid mechanics and a
more fundamental approach the relevant astrophysical
issues, such as the cosmic ray acceleration.
Related to the united effects of both compressibil-
ity and helicity, most recently, following the coura-
geous assumption that the energy concentrated on the
linear-wave dispersion relations comes only from waves
(Andre´s et a. 2017), Yang et al. (2019) computed the
occupation of waves in the numerical MHD turbulence
with various cross helicity values, but deriving the in-
formation about the partitions between the longitudinal
and transverse (with respect to the wavevectors) modes
requires extra efforts. And earlier, Cho & Lazarian
(2003) mentioned that the achievable degree of imbal-
ance, measured by the cross helicity, would be controlled
by the parametric instability related to the density per-
turbations. Banerjee & Andre´s (2020) studied the en-
ergy transfer rates in compressible two-fluid plasmas,
but helicities were considered only in the incompress-
ible limit (Andre´s, Galtier & Sahraoui 2016). Thus, we
will also go beyond XMHD to such compressible two-
fluid model (Steinhauer & Ishida 1997) for a more com-
prehensive understanding of the helicity effects. Note
that recently 3He-rich solar energetic particle events as-
sociated to type III radio bursts and helical jets have
been observed at the Parker Solar Probe and near Earth
(Wiedenbeck et al. 2020), and a theory explicitly with
electric fields and flow structures would be attractive.
2. ANALYSES
2.1. Indications from mode-interaction statistics
We take p = c2ρ (and c = 1 with appropriate scalings),
a particular barotropicity satisfied by an isothermal ap-
3 For various advancements and references of multidisciplinar-
ies, including MHD, beyond these classical monographs, c.f., Ke-
dia et al. (2016); and, for XMHD geometry and topology, c.f.,
Lingam, Miloshevich & Morrison (2016); Besse & Frisch (2017).
proximation for analytical trackability (Kraichnan 1955,
but see Appendix A for also other possibilities). The
ideal MHD equation for also the magnetic field b = ∇×a
then read, with the transformation ρ = ρ0 exp{ζ} for
the density with a background ρ0 (= 1 also, for conve-
nience),
∂tζ + u · ∇ζ +∇ · u = 0 = ∂ta− u× b, (1)
∂tu+ u · ∇u+ c2∇ζ + ∇× b× b
ρ0 exp{ζ} = 0. (2)
Now the magnetic helicity HM =
∫
a · bd3r/(2V) and
the cross helicity HC =
∫
u · bd3r/(2V) (but not the
kinetic helicity) are ideal invariants. The background
guiding field B0 and the solid-body rotation Ω0, which
change the ideal conservation laws (see, e.g., recently,
Shebalin 2006), will be included a bit later.
Since the Lorentz force and the magnetic induction is
supposed to exchange the magnetic and kinetic energies
but not to violate the conservativeness of the system, the
invariant total — kinetic (vortical and compressive) plus
potential and plus the magnetic — mean energy per unit
volume reads in the “small excitation” approximation
(with c = 1 and ρ0 = 1)
E = 1
2
∑
k
|uˆ+|2+ |uˆ−|2+ |uˆ||2+ |ζˆ|2+ |bˆ+|2+ |bˆ−|2, (3)
where we have applied the Fourier representation for
any variable v(r)→ vˆ(k), the Helmholtz decomposition
of vˆ(k) with the transverse longitudinal components re-
spectively perpendicular and parallel to k, and with the
transverse field being further decomposed into left and
right-handed chiral modes (Waleffe 1992; Zhu 2016),
vˆ(k) = vˆ+(k)hˆ+(k) + vˆ−(k)hˆ−(k) + vˆ|(k)k/k, with
the conjugacy relations hˆs(−k) = hˆ∗s(k) = hˆ−s(k),
hˆs1(k) · hˆ∗s2(k) = δs1,s2 , and iˆk × hˆsk = skkhˆsk for
sk = ± (denoting opposite — right- v.s. left-handed
— screwing directions, or chiralities, around k) and
0. In the above, the compressional potential energy
w =
∫ ρ
1
ρ−1
ρ2 dρ has been estimated to the second or-
der in the “small excitation” ζ. The magnetic and
cross helicities write HM = 12
∑
k(|bˆ+|2 − |bˆ−|2)/k,
HC = 12
∑
k(bˆ+uˆ
∗
+ + bˆ−uˆ
∗
− + c.c.)
To carry out the absolute equilibrium analysis for
the Galerkin-truncated system (with only finite modes
kept), we have to check (1) the Liouville theorem, i.e.,
the incompressibility of the phase dynamics in the space
spanned by the real and imaginary parts of all the
Fourier coefficients and (2) the (approximate) conser-
vation laws, which should be rugged after the Galerkin
truncation. These can be accomplished by carrying the
previous analyses (Lee 1952; Kraichnan 1955; Zhu, Yang
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& Zhu 2014; Zhu 2016) over, mutatis mutandis. The
hypothesized absolute equilibrium characterized by the
‘constant of motion’ C = αE + βMHM + βCHC is sup-
posed to be still partially working in turbulence.
We then calculate the absolute equilibrium spectra
density from the canonical distribution ∼ exp{−C} of
the Galerkin truncated system:
U±K(k) := 〈|uˆ±|2〉 =
4(αk ± βM )
(4α2 − βC2)k ± 4αβM
, (4)
U±M (k) := 〈|bˆ±|2〉 =
4(αk)
(4α2 − βC2)k ± 4αβM
, (5)
Z(k) := 〈|ζˆ|2〉 = 1
α
= 〈|uˆ||2〉 =: U |K(k). (6)
Note that Q±M (k) = ± 1kU±M (k), Q±K(k) = ±kU±K(k).
The spectra (4,5) of the ‘chiroids’ are the same as in the
incompressible case (Zhu, Yang & Zhu 2014), decom-
posing those of Frisch et al. (1975), and the longitudi-
nal/compressive and density spectra now appear in Eq.
(6) for comparative analysis.
If βC = 0 (thus HC = 0), but βM 6= 0 (thus HM 6= 0),
UM =
2
α± β2M/(αk)
>
2
α
= U∼ = U⊥K (7)
with UM := U
+
M +U
−
M , U
⊥
K := U
+
K +U
−
K and U
|
K +Z =:
U∼, indicating that the energy partition is favoring the
magnetic, but not the kinetic vortical energy U⊥K nor
the compressibility relevant energy U∼ (as the sum of
the parallel and density/potential energies), i.e., against
all the kinetic and potential energies, especially at small
k: The dynamo in such compressible case may be easier
with more ‘preys’4. Since fair comparisons should apply
normalizations, the more general expression is that the
fractions of U
|
K , Z and U
∼ are reduced, which we how-
ever would not insist repeating, unless misunderstanding
could happen. When HC 6= 0 (thus βC 6= 0),
U±K > U
|
K = Z = 1/α, thus U
⊥
K > U
∼ (8)
even for βM = 0 with then U
±
M = U
±
K . Eq. (5) shows
cross-helicity also favors the partition to the magnetic
energy. Since both magnetic and vortical kinetic modes
are strengthened, the only possibility is the reduction
of the compressive and density modes, with fixed total
energy (for normalization), say. Comparing the results
with vanishing and non-vanishing βM , we can infer that
the cross-helicity effect should be more pronounced in
4 Lazarian et al. (2020) argued that the mean-field approach
conflict with the helicity dynamics, which, if indeed, thus will be
even severer in compressible plasma turbulence.
the case without magnetic helicity, as the larger fraction
of the ‘dynamo’ effect of the latter is screened out. When
the condition enables such nonlinear effects to reveal
itself, the appropriate mutual linkage of the vorticity
and magnetic fluxes and the knottedness/linkage of the
magnetic flux(es) (Moffatt & Tsinober 1992) can fasten
the plasmas (totally or at some scale regimes, depending
on the physical situations).
If the kinetic and magnetic energy injections are differ-
ent when examining, say, the MHD cross-helicity effect,
other effects may enter (as appear in the simulations of,
e.g., Yang et al. 2019), requiring appropriate normaliza-
tions for comparison.
Confusion with the dynamics of linear waves (Alfve´nic,
fast and slow) should be avoided, but a prediction of
nonlocally and nonlinearly reducing turbulent magne-
toaeroacoustic ‘noise’ may be reasonable. Eqs. (4,5)
also indicate higher efficacy of cross-helicity at larger-
k regime where the dissipation of turbulence at very
large k however may enter to reduce or enhance such
nonlinear effect. The careful remarks in Zhu (2016) for
turbulence (decay and others) in principle should still
apply, though the very preliminary indirect and direct
numerical results (Clark di Leoni, Mininni & Brachet
2016; Yang et al. 2019) do verified the explicitly visible
persistence of the above mode-interaction effects. Con-
cerning the energy of the electric field given by Ohm’s
law E = −v × b, it appears that we can not have clear
simple spectral formulae for use to conclude the helicity
effect (but see remarks below on the two-fluid model).
Checking similar mechanisms in more general fluid
models, such as the extended MHD (XMHD) and the
two-fluid model with richer small-scale plasma dynam-
ics, has been performed, and a brief discussion of the
results is in order. The notations combined in a self-
evident way, one of the unchanged XMHD ‘chiroid’ parts
(given in Zhu 2017) of the barotropic kinetic energy
spectral densities read
U±K(k) =
1
α± k(βMd2e + βCdi)− β
2
C
α
1+k2d2e
± βMk
, (9)
with again Eq. (6) for the compressive and den-
sity/potential energies whose (relative) amplitude mea-
sure the flow compressibility. Comparing Eqs. (9) and
(6), we see, mostly easily by letting βM = 0 but βC 6= 0,
or the other way round, to find the increase of U⊥K(k)
or, in turn, relative reduction of the compressibility.
Qualitatively similar features as in MHD emerge, but
with quantitative differences coming from the di and
de terms accompanied with k factors, indicating the
dependence of scales relative to di and de.
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For the even more comprehensive two-fluid model,
again, the chiroid parts presented in the incompressible
version of Zhu, Yang & Zhu (2014), are unchanged, and
we don’t bother to write down the formulae but point
out that the electric field E in the latter is already un-
correlated to other modes in the canonical ensemble and
thus equipartitioned:
〈|Eˆ±|2〉 = 〈|Eˆ||2〉 = 1
α
. (10)
Then, with the magnetic and vortical modes relatively
enhanced by the helicities, presumably, the electric field
fluctuations (like the compressive and density modes of
the two fluids) and the corresponding cosmic ray ac-
celeration mechanism would also be relatively reduced,
when the themalization mechanism is relevant in more
realistic flows. Such information about the electric field
does not appear to be explicitly visible in the relaxation
theory(Steinhauer & Ishida 1997).
The dynamical Fourier-mode interactions are admit-
ted also by some laminar fields, thus the implications
from the statistical absolute equilibrium may not be re-
stricted to turbulence.
2.2. Basic geometrical and topological mechanisms
The well-known Taylor-Proudman effect (TPE) claims
the asymptotic incompressible and two-dimensional
(2D) ‘horizontal’ velocity field uh in the rotating
plane, thus also 2D ‘vertical’ component uv if the
divergenceless total field u = uh + uv (e.g. Chan-
drasekhar 1961); but, if u is compressible, uv is
three-dimensional (3D) as will be shown below, thus
a two-component-two-dimensional-coupled-with-one-
component-three-dimensional (2C2Dcw1C3D) u.
Fig. 1 is for a 2C2Dcw1C3D (giant/global) chiral base
flow/field [(g)CBF] with nonvanishing helicity (see be-
low) and with the (compressible) 2D ‘horizontal’ veloc-
ity component uh. Our CBF has uniformly ∂zuh = 0,
i.e., ∂zux = ∂zuy = 0 with the z-axis chosen to be
the vertical one, thus the decomposition of the vorticity
ω = ∇× u presents the horizontal component
ωh = (∂yuz,−∂xuz, 0) = ∇× uv (11)
lying in the x-y plane (loops with arrows) and the ver-
tical component
ωv = (0, 0, ∂xuy − ∂yux) = ∇× uh (12)
along the z axis (straight lines with arrows). Neither
∇·u nor ∂zuz is required to vanish, but in the barotropic
case, both ωv and ωh are still ideally frozen-in to the
flow (Zhu 2018, whose Fig. 1 is thus reproduced here
Figure 1. Chiral base flow/field with vorticity ω of the
velocity u. Closed lines are the (projected) horizontal vor-
ticity or velociy streamlines, perpendicular to which are the
straight vertical ones. Screws denoted by u (and a) are
the helical streamlines on some vertical cylindrical surfaces.
Arrows point to the forward direction of time. Since the ve-
locity and vorticity streamlines are constrained by ∂zuh = 0
and ∂zωv = 0 respectively, if they are knotted, as symbolized
by a trefoil knot, their patterns should be very special. ωh
can depend on z, so the projection pattern may be richer.
Sketched are only some simple configurations which typically
represent the fastening scenario with the ‘ropes’ and ‘screws’
of the streamlines. The black and purple circles, enriching
the caricature, can be (the projections of) either velocity or
vorticity lines, thus no notation explicitly assigned, and extra
fields of MHD are also presented for the case with aligned
Ω and B (Appendix B). With Eq. (16), the right panel
adapts the clear structure of the (relative) vorticity from Zhu
(2018).
in the right panel) with the invariant average (over the
volume V) helicity density, or simply the helicity
H := 1
2V
∫
ω · ud3r = 1V
∫
ωv · uvd3r, (13)
holding when there is no boundary contribution from
integration by parts. Now, for given H, we introduce
such ‘mean rotation’ rate Ω along the vertical direction
that, for the relative velocity u′ = u − Ω × r = (ux +
yΩ, uy−xΩ, uz) [thus the coordinates x′ = x+yΩt, y′ =
y−xΩt and z′ = z], the helicity of ω′ = ∇×u′ vanishes,
i.e., H′ = 12V
∫
ω′ ·u′d3r = 0, with Ω determined, from
ω·u−ω′·u′ = Ω·[2u′+(r×ω′)] = Ω·[2u+(r×ω)] (14)
for general u and Eqs. (11,12) for CBF, by
H = Ω ·
∫
[2uv + r × (∇× uv)]d3r
2V . (15)
Our strategy is to reduce the relevant H effect on
u = u′ + Ω × r to the Ω effect on the relative mo-
tion with no helicity, for the CBF such chosen that the
Ω is well-defined, with the integration in Eq. (15) non-
vanishing, say. The requirement of ‘slow’ relative motion
by Taylor (1921), or the equivalent statement of ‘fast’
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rotation, may be partly relaxed: For example, we can
add arbitrarily a gradient of potential ∇ϕ′ to u′ in Eq.
(17) below. The relative motion also form a CBF, with
∇ · u′ = ∇ · u; ∂z′u′ = ∂zu, thus (11,12) for ω′. (16)
In the CBF, for any material circuit c(t) with horizon-
tal projection areaA(t) = ∮
c(t)
xdy−ydx, the circulation∮
c(t)
u · dr =
∮
c(t)
u′ · dr + 2ΩA (17)
is invariant, if the pressure term does not contribute (as
in the barotropic case). If
∮
c
u′ · dr varies compara-
tively slowly, A changes little, which is the geometrical
argument to prove the TPE by Taylor (1921), for the
two-dimensionalization of incompressible rotating flows.
We now take the (projected) circuits in the compressible
CBF to be any of the velocity streamlines screwing on
the cylindrical surfaces and probably closing at infinity
or at the periodic boundary with finite circulation in the
stream-screw scenario (Betchov 1961), or, to be any of
the horizontal vorticity loops binding the vertical ones
in the vortex-knot scenario (Moffatt & Tsinober 1992),
both caricatured clearly in Fig. 1: As changing little
has the direct geometrical meaning that the screws and
knots “fasten” the gas. Indeed, A → 0 ∀ c(t) results in
∂zuh → 0 and ∇h · uh := ∂xux + ∂yuy → 0, (18)
but with no explicit constraint on ∂zuz, (19)
which implies that the horizontal compressibility ∇h ·uh
may be reduced by rotation for a time-dependent flow
(with analogues for plasmas and for flows of dimensions
d > 3, Zhu 2020). ∂zuz is not supposed to alter so much
as to fully compensate the divergence loss of the horizon-
tal flow; and, if the original large compression/expansion
lies in the space perpendicular to the rotating plane,
enormous reduction of compressibility (thus the heating
rate, Schlickeiser 2002) may result.
H 6= 0 is thus transformed to the rotation, through
Eq. (15), responsible for ‘fastening’ the above CBF
with TPE.5 The persistence or residue of the effects of
such a mechanism may actually be the cornerstone of
the helicity fastening principle of turbulence: The flows
present disorder, and the (g)CBF(-like) structures may
emerge coherently [to be captured by the (very) large-
eddy simulations]. Thus, with the ubiquity of rotating
5 In many discussions (e.g., Pouquet & Mininni 2010) with a
background rotation Ω0, replacing the Ω in the right hand side
of Eq. (14) whose spatial integral vanishes, whatever the value of
Ω0 does not change the helicity, which suggests we should avoid
the index ‘0’ in the CBF Ω (and similarly B).
structures in flows and the ‘genericity’ of CBF (see be-
low), we believe a CBF ensemble can be used to repre-
sent the interested statistics of the turbulence.6 Note
that although the turbulent fields might even be (multi-
)fractal (thus ‘rough’) in the inertial range or at infinite
Reynolds number (Frisch 1995; Eyink 2018, collision-
less limit in the latter for plasmas7), thus presumably
with asymptotically broken invariance laws (particularly
here, the Kelvin theorem and its analogues: c.f., Eyink
2007, and references therein) that would strictly hold
in the ideal flows, the facts of asymptoticity and neces-
sity of space-time transition intervals to reach a rough
state from a regular curve guarantee the relevance of
the physics derived from the invariance laws. And, ex-
tending the above discussions to plasma fluids, with the
analogues of the TPE (Zhu 2020), is direct, as already
indicated in Fig. 1 for the case of aligned mean magnetic
field B (for MHD: otherwise, for XMHD and two-fluid
model, the mean field corresponding to the would-be
ideally fronzen flux associated to the invariant general-
ized helicity); see Appendix B for a brief summary of
the extension.
Constructing from the CBFs, with more quantitative
theory, the (weak) solutions of turbulence with some
equivalence principle for particular purposes is possible,
but the substantiation is beyond the analysis interest
of this note: It is not our purpose to use definite phe-
nomenological arguments, like Boldyrev (2005); Beres-
nyak & Lazarian (2008) to relolve the inertial scaling law
issue, but such an ambition is encouraged by the univer-
sality and genericity of rotation and CBF structures re-
marked in the above. For example, a crude rudimentary
model ensemble can be constituted by identical CBFs
equally distributed along all directions, each CBF taken
to be a ‘molecule’, single-atom but with ‘spin’ thus the
energy spectrum corresponding to the energy of transla-
6 Such a scenario may be viewed as the first step towards an
equivalence principle, the possibility of which was conjectured
from the genericity of the 2C2Dcw1C3D structure (Zhu 2018,
footnote 6) related to the fact that the gradient of a vector field
is of real Schur form up to a local rotation [SO(3) transforma-
tion]: Different authors (c.f.,, footnote 5 of Zhu 2018) had ap-
plied such a mathematical structure in characterizing flows and
the first document known to us is due to Keylock (2017, among
others: Tian, S., et al., 2018, private communication). Note that
in the multi-field case, such as MHD, the gradients of different
fields require different rotations to reach the real Schur form, thus
we may say that the structures at different locations r are ‘sim-
ilar’ up to SO(3) × SO(3) × ... with each rotation of each field
depending on the location, a kind of gauge similar structure.
7 The latter author also hypothesized various similar properties
and studied the theoretical consequences for different fluid models
in a series of papers referred to therein, so far no systematic proof
though.
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tional motion whose ‘spin’ resulting in the helicity spec-
trum, and the turbulence to be an ‘ideal (classical) gas’
of such molecules. Thus, the given energy and helicity
spectra of the molecular CBF determine directly those
of the gas, like a real ideal gas; that is, such a tur-
bulence model (which, together with the Appendix A
on quantum flows, may also be reminiscent of the BEC
matter waves and “different rotational motions can oc-
cur if the vortex lines have a more complicated form”
as noted by Pitaevskii & Stringari 2016, p. 87) can be
accurate at the level of energy and helicity. The under-
lying ‘equivalence principle’ hypothesis here is that the
‘gauge similarity’ in Footnote 6 can be replaced with
‘gauge identity’, together with the removal of the inter-
actions.8 Complexification of the ensemble to be more
realistic can be made by enriching the distribution of
the properties of the ‘molecules’ and their interactions.
With the above topological and mechanical/geometrical
mechanism, it is not surprising that the fastening effect
may work (Yang et al. 2019) beyond the very restrictive
conditions assumed for our statistical calculations.
3. UNIFICATION AND FURTHER DISCUSSIONS
For wider physical connection and for discrimination
with the particular mean fields introduced by the cor-
responding helicities, we first offer some remarks on the
effects of ‘background’ fields, focusing on the case of
MHD: The background guiding field B0 in MHD re-
moves HM , but not HC , from the conservation laws
(Shebalin 2006). The relevance of magnetic helicity in
the presence of B0 depends on how approximately HM
is preserved or the time scale of the term involving B0
that breaks the HM invariance, which in a sense em-
phasizes the cross-helicity effect. It is then reasonable
to expect applications in much more complex realistic
situations, with all the caveats relevant to the assump-
tions and approximations, and, other subtleties such as
the anisotropy issue, kept in mind. Actually, even when
a solid-body rotation Ω0 presents with σB0 = Ω0 and a
real number σ 6= 0, a ‘parallel helicity’HP = HC−σHM
is invariant (Shebalin 2006), which makes Eqs. (4,5) et
al., with βM = −σβC and βC replaced by βP , still rel-
evant and similar HP fastening effect favorable. Now,
8 This is physically favorable: For homogeneous turbulence,
even though the local helicity density ω · u varies over positive
and negative values, each CBF may be understood to be a kind of
coarse-graining of the original field with minute fluctuations of the
helicity density around H, thus it is reasonable to assume a ‘dilute
gas’ of such CBFs whose ‘kinetic molecular theory’ results in our
statistical topological fluid mechanics. It is not impossible to go
even further, like going from Chapters 3 and 4 to 5 of Pitaevskii
& Stringari (2016) for GPE of nonuniform Bose gases, to describe
nonhomogeneous turbulence with some model of CBF dynamics.
Q±M (k) = ± 1kU±M (k) = ± 4α(4α2−βP 2)k∓4σαβP indicates a
possible dynamo due to HP , in a way argued by Frisch
et al. (1975) and Pouquet et al. (1976) for the magnetic
helicity inverse cascade. And, this dynamo will also take
energy from the compression and density (or pressure)
modes to fasten the flow. Similar discussions apply to
XMHD and the two-fluid model. Note that the back-
ground fields introduce linear terms, thus waves, but no
change to the structures of the original quadratic convo-
lutions of the modes, thus the dynamical properties of
the latter are still all there, not removed; so, the back-
ground fields, just like the internal damping effects, add
complexities , but do not completely sweep the physical
results discussed in the last sections out.
Although gases appear superficially more tameless to
be ‘tightened up’ in the way that screws work better
than nails, or good knots of ropes better than naive
ones for fastening solid matters, the flow actually can
be constrained by a physical quantity, the helicity, which
characterizes the screwing strength of the velocity field
and the degree of the knottedness (or linkage) of the
flux rope(s). By transforming to the consequences of
the background flux fields, the geometrical and topolog-
ical fastening or reducing-compressibility effects of helic-
ities is clarified in our CBFs believed to form the basis
of some kind of equivalence principle for a simplified
model of the field. The magnetic field b, proportional
to the gyrofrequency (ω ∝ b) of charged particles, can
be regarded as a kind of macroscopic vorticity of the
microscopic gyromotions, allowing a unified view of all
kinds of helicities for the multidisciplinary universal law
of fastening the gases. Systematic quantification of such
a fastening notion with extra theories would be promis-
ing for understanding various astrophysical issues such
as cosmic ray acceleration (see below).
The essential Fourier-mode-interaction and mechan-
ical/topological arguments for the fastening notion do
not completely exclude laminar flows but should be more
effective in turbulence where the interactions and CBFs
are more active.
Assuming the density or compression modes of Sec.
2.1 and Zhu (2016) to be of passive-scalar concentra-
tion/intensity whose energy is an independent ideal in-
variant, it is direct to perform the same reasoning by
using the same temperature parameter α as that of the
total energy and we can similarly expect that, in the tur-
bulence setting, if the scalar fluctuations are (initially
put to be) the same, the effective turbulence/eddy dif-
fusion would be more efficient to result in the smaller
scalar energy for the helical (compared to the nonheli-
cal) turbulence — for the models of magnetised plasmas
in Sec. 2.1, ‘helical’ here refers to those ideally invariant
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helicities. This supports the discovery of larger passive-
scalar diffusivity κ for the helical case by Kraichnan
(1976) who integrated the trajectories of random syn-
thetic fields to evaluate the diffusivity, and we believe
the same trend in ‘helical’ plasma fluids.
Reduction of compressibility indicates less and/or
weaker shocks (thus the first-order Fermi process),
which presumably then will lead to agreement with
and complementing the recent claimed resolution of the
debate (Teaca et al. 2014, and references therein) with
the discovery of diminished heating rate in incompress-
ible MHD; the same agreement and addition is also
arrived by our indication of reduced electric-field fluctu-
ations, thus the second-order Fermi process, besides the
relevance to the cosmic (transient) electric fields them-
selves: For instance, cosmic accelerators include colli-
sionless shocks, and recent results (Fiuza et al. 2020)
of laser-driven plasma flows show effective first-order
Fermi acceleration of electrons, by small-scale turbu-
lence produced within the shock transition, to relativis-
tic non-thermal energies; our study may also offer extra
perspectives (or, more accurately, constraints on the
structures) for such laboratory studies of acceleration
related to young supernova remnant shocks. A natural
idea following our CBF-‘gas’ scenario is that, instead
of the common test-wave or test-particle phenomenol-
ogy under the framework of wave-particle interaction
for turbulence (Schlickeiser 2002), we may consider the
interactions in the ‘gas’ of CBF structures and parti-
cles, consistent with previous emphasis (Zhu 2017) on
nonlinear structures rather than linear waves for plasma
turbulence.
Other discussions of space and astrophyics, such as the
closely relevant type III radio bursts and helical jets with
the Parker Solar Probe (e.g., Wiedenbeck et al. 2020,
mentioned at the end of our introductory discussions)
and gamma ray astronomy with the Large High Altitude
Air Shower Observatory (c.f., e.g., Bai et al. 2019), can
also be performed and will be left for future with definite
case studies, with the focus here mainly on clarifying the
fundamentals.
While it is difficult to obtain quantitatively precise
fundamental results of turbulence for realistic guid-
ance (not even for the nice work of, say, Eyink 2018,
with substantial and sophisticated mathematical analy-
ses though, to our best knowledge), our insights, qual-
itative so far, however appear to be useful for guiding
plasma fluid control for particular purpose and for guid-
ing further astrophysical theories (for instance, hope-
fully going beyond the quasi-linear analysis of Schlick-
eiser 2002, and collaborators, on helicity effects on cos-
mic ray transport). Relativistic plasma fluids also ide-
ally conserve circulations and helicities (e.g., Markakis
et al. 2017), and extending our analysis should present
extra persectives and deserves further studies. And,
in a fashion (wildly) remarked in Zhu, Yang & Zhu
(2014), that chirality at different physical levels and
aspects might couple, and argued recently by (Globus
& Blandford 2020), that magnetically polarized cosmic
rays could be responsible for biochirality, the polarity
coming with cosmic rays and their cascades (Gaisser,
Engel & Resconi 2016) might also induce the plasma
chirality measured by the (generalized) helicity (which
can be amplified by the nonlinear plasma dynamics),
and in turn reduce the flow compressibility, and then
the subsequent consequences.
Interactions with H.-B. Hu, A. Lazarian, S. Liu, W.-
M. Liu and L. Yang have been helpful. This work is
supported by NSFC (No. 11672102) and the Tia´n-Yua´n-
Xue´-Pa`i research foundation.
APPENDIX
A. FORMAL CALCULATION OF THE HELICAL ABSOLUTE EQUILIBRIA OF QUANTUM FLOWS
We outline here the extension of the analysis of Zhu (2016) formally to GPE, with the a posteriori information of
helicity from the regularization of Clark di Leoni, Mininni & Brachet (2016). It is only “formal”, in the sense that we
can not ensure the validity of all the conditions (such as the small-excitation assumption) assumed for the calculation
and that, as is the state of the art, the regularization has not been proved with mathematical rigor.
The quantum fluid (Euler) equations
∂tρ+∇ · (ρu) = 0, (A1)
∂tu+ (u · ∇)u = −1
ρ
∇(ρ
2
2
)− 1
ρ
∇(ρ∇2 ln ρ−1) =: −∇p (A2)
are obtained from the GPE, iˆ∂tψ + ∇2ψ − |ψ|2ψ = 0, by the Madelung transform connecting the quantum order
field ψ =
√
ρ exp{ˆiφ}, and the fluid field u = ∇φ. There can be 3-space vortex line, on which ρ = 0 and φ is not
well-defined by ψ itself, and, curdles the vorticity with quantized circulation. Thus, the quantum flow is nothing but
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a particular class of (weak) solutions to the classical Euler equations. Each straight (segment of the) quantized vortex
line corresponds to a rotation (e.g., Pitaevskii & Stringari 2016, Sec. 6.8, Sec. 14 and beyond, for basic facts about
rotation). We have written everything in nondimensional form and taken the relevant parameters to be unit(s). The
second term in the barotropic pressure p of Eq. (A2) is called the quantum pressure. With barotropicity, the relevant
internal energy is the work part
w =
∫ ρ
ρ0
p− p0
ρ2
dρ = ζ2/2−
∫ ζ
0
∇2ζdζ. (A3)
The latter equality holds up to the leading order for ‘weak-excitation’ ζ, with ρ = ρ0 exp{ζ} and ρ0 = 1 through
appropriate scaling of the variables. Averaging over the volume (V) and working in a cyclic box of dimension 2pi, we
have the following quadratic expression in both r- and k-space [with the Fourier coefficients ζˆ(k)]
W :=
∫
wd3r
V =
∫
(ζ2 + |∇ζ|2)d3r
2V =
∑
k(1 + k
2)|ζˆ(k)|2
2
. (A4)
The extra quantum pressure does not break the original Liouville theorem of the phase flow in k-space. The presence
of quantum vortex line(s) introduces subtle technicalities (Pitaevskii & Stringari 2016), but the Fourier representation
of the kinetic energy and helicity, as in the (pseudo)spectral computation of Clark di Leoni, Mininni & Brachet (2016),
is also of quadratic form (irrespective of the extra quantum pressure deviating from p = c2ρ!) Thus, formally the same
analysis of Zhu (2016) can be carried over for such a quantum fluid. W is equipartitioned, and we are led to the same
fastening-effect implication and to the byproduct that the quantum energy can also be relatively reduced by helicity.
Fig. 6 of Clark di Leoni, Mininni & Brachet (2016), showing the rise of compressive, potential and quantum energies
(conjectured to come from the helicity-varying reconnections of vortex knots with the emission of phonons by the
Kelvin waves) with the decrease of helicity, thus might be regarded as a verification. Other absolute-equilibrium
studies (c.f., Brachet 2012, and references therein) took different approaches without the information of helicity. And,
besides the neutron star relevance (Graber, Andersson & Hogg 2017), it is possible to extend our analysis to various
Shro¨dinger equations in different nonlinear systems (e.g., Liu & Kengne 2019).
B. MAGNETIC HELICITY, RELATIVE VECTOR POTENTIAL AND MEAN MAGNETIC FIELD
First, we extend the analogue of TPE for MHD with a strong background uniform magnetic field B to the compress-
ible case. In the incompressible case, Chandrasekhar (1961) presented it in the ‘popular’ way (completely abandoned
the geometrical argument of Taylor 1921), without invoking the geometry of the Alfve´n theorem as the analogue of
the Helmholtz-Kelvin theorems, with the result that (B · ∇)u = 0: for B lying in the z axis, ∂zu = 0. Now, for the
compressible but the barotropic case, with a (and a′) in
the Alfve´n theorem
∮
c(t)
a · dr =
∫
∂−1c(t)
b · ds = const. (B5)
replaced with u (and u′) in Eq. (17), and B with Ω there, the same geometrical argument of Taylor (1921), with
A := (∇×)−1(2B) = (−yB, xB, 0) +∇ϕ whose gradient of potential ϕ does not contribute to the loop integral, leads
to the same compressible TPE formula as in Eq. (19). Alternatively, in the analysis of Chandrasekhar (1961), an
extra term B(∇ ·u) transforms his Eq. (83) to our Eq. (19). Actually, the treatment in terms of differential forms in
Zhu (2020), extending TPE to compressible and higher-dimensional cases with the geometric notion, carries over to
the magnetic field corresponding to a 2-form B = dA (thus the projected area in Taylor’s argument naturally emerges).
The emphasis here however is the geometrization of the fastening notion with such geometrical ‘screws’ and ‘ropes’ in
the TPE mechanism:—
Now for the magnetic case, with the two-dimensionality of the horizontal potential ∂zah = 0 and the CBFs assumed
to have the properties similar to those in Sec. 2.2, we can introduce B, from nonvanishing magnetic helicity HM , as Ω
in Eq. (15). Thus, the above analogue of compressible TPE indeed geometrizes the fastening effect of HM for such a
CBF. Ω shall not be aligned with B when we have the original cross-helicity non-vanishing but want to make that of
the relative fields (u′ and b′) vanish. Alfve´n’s theorem again provides the geometrization of the fastening effect with
the compressible TPE and its analogue. We note that in our turbulence model of an ideal ‘gas’ of CBFs, the molecular
CBFs should correspond to the dynamically important transient state of the relaxation, the end of which, however,
points to (anti-)alignment between u and b (Alfve´nicity). The two states are different, though the (local) relaxation
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can be fast (Matthaeus et al. 2008, and private communication in 2017) and a mixture of them may appear in various
complex realistic situations (e.g., Tu & Marsch 1995, for a classical review in space science).
Just to iterate, we have transformed the helicity-effects (with or without B0 and/or Ω0: Sec. 3) to pure B-and/or-
Ω-effect one. The generalizations of the above discussions to CBFs of XMHD, its reduction (Hall MHD) or the further
extended two-fluid model, are straightforward, with u and b replaced by the two generalized momentums, whose curls
(generalized vorticities) are ideally frozen-in to two flows.
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